All binary self-dual [44, 22, 8] codes with an automorphism of order 3 or 7 are classified. In this way we complete the classification of extremal self-dual codes of length 44 having an automorphism of odd prime order.
Introduction
Let F n q be the n-dimensional vector space over the field F q of q elements. A linear [n, k] code C is a k-dimensional subspace of F n q . The elements of C are called codewords. The weight of a vector v ∈ F n q (denoted by wt(v)) is the number of its non-zero coordinates. The minimum weight d of C is the smallest weight among all nonzero weights of codewords of C; a code C with minimum weight d is called an [n, k, d] code. A matrix whose rows form a basis of C is called a generator matrix of this code. The weight enumerator W (y) of a code C is given by W (y) = n i=0 A i y i where A i is the number of codewords of weight i in C. Two binary codes are called equivalent if one can be obtained from the other by a permutation of coordinates. The permutation σ ∈ S n is an automorphism of C, if C = σ(C) and the set of all automorphisms of C forms a group called the automorphism group of C, which is denoted by Aut(C) in this paper.
Let (u, v) ∈ F q for u, v ∈ F n q be an inner product in F n q . The dual code of an [n, k] code C is C ⊥ = {u ∈ F n q | (u, v) = 0 for all v ∈ C} and C ⊥ is a linear [n, n − k] code. If C ⊆ C ⊥ , C is termed self-orthogonal, and if C = C ⊥ , C is self-dual. We call a binary code self-complementary if it contains the all-ones vector. Every binary self-dual code is self-complementary. If u = (u 1 , · · · , u n ), v = (v 1 , · · · , v n ) ∈ F n 2 then (u, v) = n i=1 u i v i ∈ F 2 . It was shown in [15] that the minimum weight d of a binary self-dual code of length n is bounded by d ≤ 4[n/24] + 4, unless n ≡ 22 (mod 24) when d ≤ 4[n/24] + 6. We call a self-dual code meeting this upper bound extremal.
In this paper, we consider extremal binary self-dual [44, 22, 8] codes. All the odd primes p dividing the order of the automorphism group of such a code are 11, 7, 5, and 3 [20] . The codes with automorphisms of order 11 and 5 are classified in [20] , [21] , [3] , and [4] . Unfortunately we noticed that there are some omissions in the classification of the codes with automorphisms of order 7 given in [16] . That's why we focus on the automorphisms of orders 3 and 7, and we complete the classification of [44, 22, 8] self-dual codes having an automorphism of odd prime order.
As in the case of binary self-dual [42, 21, 8] codes with an automorphism of order 3, there are five different possibilities for the number of independent cycles in the decomposition of the automorphism, namely 6, 8, 10, 12, and 14 [5] . Codes with automorphisms of order 3 with 6 and 14 independent 3-cycles are considered but not classified in [4] and [17] , respectively. In this paper, we give the classification of all self-dual [44, 22, 8] codes having an automorphism of order 3 or 7. To do that we apply the method for constructing binary self-dual codes via an automorphism of odd prime order developed in [8] and [18] . We give a short description of this method in Section 2. In Section 3 and Section 4 we classify the extremal self-dual codes of length 44 with an automorphism of order 3 and 7, respectively. In Section 5 we present the full classification of the self-dual [44, 22, 8] codes having automorphisms of odd prime order, and offer some open problems.
The weight enumerators of the extremal self-dual codes of length 44 are known (see [7] [9] ).
Construction Method
Let C be a binary self-dual code of length n = 44 with an automorphism σ of prime order p ≥ 3 with exactly c independent p-cycles and f = 44 − cp fixed points in its decomposition. We may assume that
and say that σ is of type p-(c, f ).
Denote the cycles of σ by Ω 1 , . . . , Ω c , and the fixed points by Ω c+1 , . . . , Ω c+f . Let F σ (C) = {v ∈ C | vσ = v} and
where v|Ω i is the restriction of v on Ω i .
Theorem 1 [8]
The self-dual code C is a direct sum of the subcodes F σ (C) and E σ (C). These subcodes have dimensions Thus each choice of the codes F σ (C) and E σ (C) determines a self-dual code C. So for a given length all self-dual codes with an automorphism σ can be obtained.
We have that v ∈ F σ (C) if and only if v ∈ C and v is constant on each cycle. Let
Denote by E σ (C) * the code E σ (C) with the last f coordinates deleted. So E σ (C) * is a self-orthogonal binary code of length pc and dimension c(p
where P is the set of even-weight polynomials in R p = F 2 [x]/ x p − 1 . Thus we obtain the map ϕ : E σ (C) * → P c . P is a cyclic code of length p with generator polynomial x − 1. It is known that ϕ(E σ (C) * ) is a submodule of the P-module P c [8, 19] .
Theorem 2 [19]
A binary [n, n/2] code C with an automorphism σ is self-dual if and only if the following two conditions hold:
, where h 1 , . . . , h s are irreducible binary polynomials. If g j (x) = (x p − 1)/h j (x), and I j = g j (x) is the ideal in R p , generated by g j (x), then I j is a fields with 2 deg(h j (x)) elements, j = 1, 2, . . . , s, and P = I 1 ⊕ I 2 ⊕ · · · ⊕ I s [13] .
In the case, when 2 is a primitive root modulo p, P is a field with 2 p−1 elements and the following theorem holds Theorem 4 [8] Let 2 be a primitive root modulo p. Then the binary code C with an automorphism σ is self-dual iff the following two conditions hold:
(i) C π is a self-dual binary code of length c + f ;
(ii) C ϕ is a self-dual code of length c over the field P under the inner product
Let B, respectively D, be the largest subcode of C π whose support is contained entirely in the left c, respectively, right f , coordinates. Suppose B and D have dimensions k 1 and k 2 , respectively. Let k 3 = k − k 1 − k 2 . Then there exists a generator matrix for C π in the form
where B is a k 1 × c matrix with
O is the appropriate size zero matrix, and [E F ] is a k 3 × n matrix. Let B * be the code of length c generated by B, B E the code of length c generated by the rows of B and E, D * the code of length f generated by D, and D F the code of length f generated by the rows of D and F . The following theorem is a modification of Theorem 2 from [12] .
Theorem 5 With the notations of the previous paragraph
2 , and
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Using Theorem 4, as 2 is a primitive root modulo 3, P is a field with 4 elements. We have that P = {0, e = x + x 2 , w = 1 + x 2 , w 2 = 1 + x} ∼ = F 4 where e is the identity of P. In this case C ϕ is a (Hermitian) self-dual code of length c over the quaternary field P under the inner product (u,
Since the minimum distance of E σ (C) is at least 8, this Hermitian code should have minimum distance at least 4.
To classify the codes, we need additional conditions for equivalence. That's why we use the following theorem:
The following transformations preserve the decomposition and send the code C to an equivalent one:
(i) a permutation of the fixed coordinates;
(ii) a permutation of the 3-cycles coordinates; (iii) a substitution x → x 2 in C ϕ and (iv) a cyclic shift to each 3-cycle independently.
Codes with an automorphism of type 3-(6, 26)
The extremal self-dual [44, 22, 8] codes having an automorphism of type 3-(6, 26) are considered in [4] but the author didn't succeed to classify all codes. We do this classification now. Generator matrices of the codes C ϕ and E σ (C) * are presented in [4] . In the same paper, it is also proved that C π is a binary self-dual [32, 16, ≥ 4] code with a generator matrix
where D generates a [26, 10, 8] self-orthogonal code D * , and D F is its dual code. The code D * cannot be self-complementary (see [4] ). According to [2] 
Codes with an automorphism of type 3-(8, 20)
Up to equivalence, a unique Hermitian quaternary [8, 4, 4] code exists (see [11] ). So up to equivalence we have a unique subcode E σ (C) * . The code C π is a binary self-dual [28, 14, ≥ 4] code with a generator matrix G π given in (1) where B and D generate self-orthogonal
All optimal binary self-orthogonal codes of length 20 are classified in [4] . There are exactly 23 inequivalent [20, 6, 8] self-orthogonal codes, four inequivalent [20, 7, 8] self-orthogonal codes, and a unique [20, 8, 8] self-orthogonal code. Hence k 1 ≤ 2.
In the case k 1 = 2 we obtain only two inequivalent extremal codes of length 44, both with weight enumerator W 44,2 , respectively for β = 68 and β = 76. For k 1 = 1, there exist 52 self-dual [44, 22, 8] codes, and for k 1 = 0, the inequivalent codes number 5399. Their weight enumerators are listed in Table 2 . Remark: The extremal self-dual [44, 22, 8] codes invariant under a permutation of type 3- (8, 20) are considered independently in [10] . The author of that paper has classified all extremal self-dual codes which have an automorphism of order 3 with 8 independent 3-cycles. In this case C ϕ is a Hermitian self-dual [10, 5, 4 ] code and by [11] is equivalent to either E 10 or B 10 . As in [5] , we can fix the generator matrix of the subcode E σ (C) * in the following two forms, respectively: 
011011011011000000000000000000 101101101101000000000000000000 000011101110011000000000000000 000101110011101000000000000000 000000000000000011011011011000 000000000000000101101101101000 000000000000000000011101110011 000000000000000000101110011101 000011110101000000011110101000 000101011110000000101011110000 [6] . All codes have minimum weight 4 except the extended Golay code G 24 with minimum weight 8 and the code Z 24 with minimum weight 6. We use the generator matrices of the codes given in [14] . For any weight 4 vector in C π at most two nonzero coordinates may be fixed points. An examination of the vectors of weight 4 in the listed codes eliminates 23 of them. By investigation of all alternatives for a choice of the 3-cycle coordinates in the remaining codes G 24 , R 24 , U 24 , W 24 , X 24 , Y 24 and Z 24 we obtain, up to equivalence, all possibilities for the generator matrix of the code C π .
Let C π be R 24 . There is a unique possibility for the choice of the 3-cycle coordinates up to equivalence. The generator matrix of C π in this case can be fixed in the form
1100000000 11000000000000 0110000000 01100000000000 0001100000 00011000000000 0000110000 00001100000000 0000001100 00000011000000 0000000110 00000001100000 0000000011 00000000110000 1001000000 10010000001111 1000001000 10000010001100 0000001110 00000000010110 1110000000 00000000000111 0001110000 00000000001110
Let τ be a permutation of the ten cycle coordinates in G π (R 24 ). Denote by C τ the self-dual [44, 22] code determined by C ϕ and the matrix τ (G π (R 24 )).
We consider the products of transformations (ii), (iii) and (iv) from Theorem 6 which preserve the quaternary code C ϕ . Their permutation parts form a subgroup of the symmetric group S 10 which we denote by L. Let S = Stab(R 24 ) be the stabilizer of the automorphism group of the code generated by G π (R 24 ) on the set of the fixed points. It is easy to prove that if τ 1 and τ 2 are permutations from the group S 10 , the codes C τ 1 and C τ 2 are equivalent iff the double cosets Sτ 1 L and Sτ 2 L coincide. In our case Stab(R 24 ) = (7, 8)(9, 10) , (7, 9, 10), (7, 9)(8, 10), (7, 10) , (5, 6) , (4, 6, 5) , (2, 3) , (1, 3, 2), (1, 4)(2, 5)(3, 6) .
When C ϕ = B 10 we found in [5] a subgroup of the group L generated by the permutations (3, 4)(8, 9), (1, 2)(3, 4), (1, 3)(2, 4), (6, 7)(8, 9), (6, 8) In this way from all the cases for C π we constructed 1865 inequivalent [44, 22, 8] 
Codes with an automorphism of type 3-(12, 8)
In this case C ϕ is a quaternary Hermitian self-dual code of length 12 with minimum weight at least 4. There exist exactly five inequivalent quaternary self-dual [12, 6, 4] The code C π in this case is a self-dual [16, 8, 4] code. There are exactly three such codes, namely d 2 8 , d 16 , and e 2 8 [6] . We consider their generator matrices in the form [11] .
Again, considering the permutation parts of the products of transformations (ii), (iii) and (iv) from Theorem 6, and the stabilizer of the automorphism group of the codes C π on the fixed points, we classified all codes up to equivalence.
When Here we summarize all obtained results for the extremal self-dual codes of length 44 having an automorphism of order 3. To test the codes for equivalence, we used the program QExtension. The classification result is given in the following theorem. We list the number of the codes with different weight enumerators in Table 8 . For β ≥ 67, all codes have simultaneously automorphisms of type 3- (12, 8) and also automorphisms of type 3-(6,26). This proves that the orders of the automorphism groups of these codes are multiples of 9. We give these orders in Table 13 . All codes with β ≥ 63 have automorphisms of type 3-(6,26). All seven codes with β = 0 have automorphisms of type 3- (12,8) . The full automorphism group for four of them is the cyclic group of order 3, and the other three codes have automorphism groups of order 12. If σ is an automorphism of a binary self-dual [44, 22, 8 ] code of order 7, then σ is of type 7-(3, 23) or 7-(6, 2) [9] . Let h 1 (x) = (x 3 + x + 1) and h 2 (x) = (x 3 + x 2 + 1). As x 7 − 1 = (x − 1)h 1 (x)h 2 (x), we have P = I 1 ⊕ I 2 , where I j is an irreducible cyclic code of length 7 with parity-check polynomial h j (x), j = 1, 2. According Lemma 3,
. . , c} is a linear code over the field I j , j = 1, 2, and dim
The polynomials e 1 = x 4 + x 2 + x + 1 and e 2 = x 6 + x 5 + x 3 + 1 generate the ideals I 1 and I 2 defined above. Any nonzero element of I j = {0, e j , xe j . . . , x 6 e j }, j = 1, 2 generates a binary cyclic [7, 4, 3] code. Since the minimum weight of the code C is 8, every vector of C ϕ must contain at least two nonzero coordinates. Hence the minimum weight of M j is at least 2, j = 1, 2.
The transformation x → x −1 interchanges e 1 and e 2 . The orthogonal condition (ii) from Theorem 2 implies that once chosen, M 1 determines M 2 and the whole C ϕ . So we can assume, without loss of generality, that dim I 1 M 1 ≤ dim I 2 M 2 , and we can examine only M 1 .
4.1
Codes with an automorphism of type 7-(3, 23)
Let C be a binary self-dual [44, 22, 8] code having an automorphism of type 7-(3, 23). Then we have dim
Since the minimum weight of M 2 is at least 2, we have 1
is an MDS [3, 2, 2] code over the field I 2 and according to condition (ii) from Theorem 2, M 1 = (e 1 , e 1 , e 1 ) and M 2 = (e 2 , e 2 , 0), (0, e 2 , e 2 ) .
In this case C π is a binary self-dual code of length 26. If v = (1100 . . . 0) ∈ C π then π −1 (v) + (φ −1 (e 2 , e 2 , 0), 00 . . . 0) will be a codeword from C of weight 6 which contradicts the minimum weight of C. Hence in the notations of Theorem 5, k 1 = 0, k 2 = 10, k 3 = 3, and There are three such codes and their generator matrices are given in [2] . We take E = I 3 , and we determine the matrix F using the condition (iii) of Theorem 5. For each of the three codes there is a unique possibility for the matrix F , up to equivalence. We obtain the codes C 7,1 with weight enumerator W 44,1 for β = 122, C 
Codes with an automorphism of type 7-(6, 2).
Let C be a binary self-dual [44, 22, 8] code having an automorphism of type 7-(6, 2). Now C π is a binary [8, 4] self-dual code equivalent either to C 4 2 or the extended Hamming code E 8 , generated by the matrices G 1 = (I 4 |I 4 ) and G 2 = (I 4 |J + I 4 ), respectively where I 4 is the 4 × 4 identity matrix and J is the all-ones 4 × 4 matrix.
In this case dim
Case I:
It follows that M 2 is an MDS [6, 5, 2] code, and M 1 = (e 1 , e 1 , e 1 , e 1 , e 1 , e 1 ) . If C π = C 4 2 , then C π contains a codeword v = (v 1 , 00) such that wt(v 1 ) = 2. Since M 2 is an MDS code, it contains a codeword w of weight 2 with the same support as v 1 . But then the codeword π −1 (v) + (φ −1 (w), 00) ∈ C has weight 6 -a contradiction. Therefore C π = E 8 . Fixing the codes M 1 and M 2 and considering all binary codes equivalent to E 8 , we found only one [44, 22, 8] code with weight enumerator W 44,1 for β = 38 and |Aut(C)| = 8064.
where α i ∈ {0, e 1 }, i = 1, · · · , 5, and β i ∈ I 1 , i = 1, 2, 3. Considering all such matrices we obtain nine possibilities such that the minimum weight of M 1 is ≥ 2, up to equivalence. Here gen(M 1 ) is written in the form (I 2 |A), where A is one of the following matrices: In the case C π = C where α i ∈ {0, e 1 }, i = 1, · · · , 5, and β i ∈ I 1 , i = 1, 2, 3, 4. There are 18 inequivalent codes M 1 with minimum weight ≥ 2. We can fix the generator matrices for M 1 and M 2 and consider all possibilities for C π .
When C π = E 8 we obtain 64 inequivalent codes with W 44,1 for β = 10, 17, 24, 31, 38, 52, and 122. In the case C π = C 4 2 we obtain 87 inequivalent codes with W 44,2 for β = 0, 7, 14, 21, 28, 35, 42, 56, and 154. The codes with β = 122 and β = 154 are equivalent to C 7,1 and C 7,3 , respectively. The orders of the automorphism groups of these codes are presented in Tables 9 and  10 . The weight enumerators of the constructed codes are listed in Table 11 .
Summary
The self-dual [44, 22, 8] codes having automorphisms of order 11 are classified in [21] and [20] . The codes invariant under an automorphism of order 5 are presented in [3] and [4] . Summarizing these classifications and the results from the previous sections, we obtain the following theorem.
Theorem 15 There are exactly 395555 inequivalent self-dual [44, 22, 8] codes having an automorphism of odd prime order.
All constructed codes with β ≥ 43 have automorphisms of order 3. In Table 12 we list the number of codes having an automorphism of odd prime order according to their weight enumerators but only for these values of β for which there are also codes having automorphisms of order 5, 7 or 11, but not 3. For the other values of β the number of all extremal self-dual codes having an automorphism of odd prime order is the same as in Table   Table 11 
